YHuBepcanbHble MeToAbl
WHTErpmpoBaHnUA O4HOMEPHOro
ypaBHeHUA nepeHoca

10 MeTOAbl, KOTOPbIE MPUMEHNMbI K YPaBHEHUAM B YaCTHbIX MPOUN3BOAHbIX

NpPOn3BOBHOIO TUNa:

® KoHeuHble pasHOCTH
® CnekTtpanbHble (Pypbe n SpmuTa)

o KOHEYHbIE 3N1EMEHTHI

MeTOA KOHEeYHbIX pa3HOCTeIZ paccMoTpenn Ha ﬂpe,ﬂ,bl,ﬂ,yLLl,el\/’I nekyunn.

CneKTpan bHbl€ MeTO bl
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® ¥ He 3aBUCUT ABHO OT f — MOXHO paccMaTpuBaTh ypaBHeHMWe KakK NMHENHOe

* pen: pa3noxunTb N0 OPTOroHanbHOMY Habopy GyHKLWI (B cnekTp), Toraa
anddepeHLanbHoe ypaBHEHWE B HYACTHbIX MPOW3BOAHbIX 3aMEHUTCA

06bIKHOBEHHbIM AnddepeHLManbHbIM YypaBHEHNEM A1 06pa3oB
®* MOXHO 0606LWKTb U Ha HENVHEWHBIA CayYait

HekoTtopble onpeaeneHus

® ba3ucHble (MpobHbIe) GYyHKLMK:

(%05 -5 ¢N)
N
f("I:,t) ~ fN(xat) = ng¢k
=0

® OpPTOHOPMWPOBAHHOCTb

/¢m(w)¢n(w)w(x)da: = dmn

* w(xz) — Bec (4acTo paBeH eanHuLe)



® HeBsa3ka
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® TecTtoBble GyHKLMNN
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/1/1n(a:)RN(9c)dm =0,nc0...N

Metop lanépknHa

e TecToBble COBMagatoT ¢ 6azucHbiMu: ¥, (z) = ¢, ()

* [lpyrvMu choBamMu: HeBA3Ka OPTOroHasibHa 6a3ncHbIM PpyHKLUAM

/RN(m)gbn(m)dm =0,ne0...N

MceBaoCneKTpaabHbIN MeTo4, (MeToA KON0KaL M)

* Y, (z) =d(x — x,), rae x, — N cneumanbHbIM 06pas3oM NoZo6PaHHbIX TOUEK

(TOukM KOANOKaLumm)

* [lpyrmmun cnoBamu: HeBAi3Ka paBHa Hy/t0 B N Toukax:

/ Rov (&) (2)d = / R (2)8(z — 20)dz = Roy (1)

Ry(z,) =0, n€0...N

MpeobpazoBaHue Pypbe

Mertopa lanépkuHa
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* [lonyuyaem OQlY — peluaemM 4mcaeHHO (HanpumMep, MeToaomM PyHre — KyTTbl)

° I'Ipep,rlonararOTCH nepmnognyeckme rpaHn4YHble ycaoBua (HO BO3MOXHO YC/IOXHeHne

Ha Apyrue caydamu)
* Oypbe-06paszbl v(z,t) n/uam f(x,t = 0) MOXHO ONpPeAensiTb YNCIEHHO
* Metog ManépkmnHa cnoxXHo 060OLNUTL Ha Clyyal HEJIMHENHbIX YPaBHEHWUN

*  CNOXHOCTb BbIUMCAEHNA CBEPTKM — N 2

MceBaocnekTpanbHbi MeTog Pypbe
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* BMeCTO BblUNCAEHNs CBEPTKU CO CNIOXKHOCTbIO N 2 — uncieHHoe B3sTve Oypbe-

obpasa co cnoxHoctbto N In N (MeTogom 6bicTporo npeobpaszoBarus Pypbe)
® [lceBaocnekTpanbHbIi METOA Nerko 0606LWNTb Ha HEMHENHbIN Cyyal

e /1ns ypaBHEHWU C MOCTOSHHbIMW KO3 dULIMEHTAMU MPU ONpesenéHHOM
(onTumanbHOM) BbIBOpe TOUeK KONOKaLMW NCeBAOCMEKTPANbHbBIN METOA

naeHTMYeH meToay FanépkunHa, B OCTaNbHbIX CyYasx OH AAET Ty XKe TOYHOCTb

MpeobpasoBaHue dpmuTa

* PacnipegeneHvie No CKOPOCTAM HEMEPUOANYHO: MpUMeHeHne Dypbe-

npeobpa3oBaHna «<HeGU3NUYHO» (He COXpaHAET UMMY/bC)

* Oypbe-npeobpasoBaHme TpebyeT OrpaHNUYEHHOCTU: TEPAHOTCS «XBOCTbI», HE

COXpaHAEeTCA KOINYeCTBO YacTtml



® Ho ecTb XopoLwasa albTepHaTMBa: I'Ipeo6pa3OBaHV|e 3pM|/ITa:
E{f@)} () = [ 1) H,(@)e *do

* H,(x)— mHorouneHbl dpMuTa (COBCTBEHHbIE BYHKLMM KBAHTOBOTO

rapMOHUYECKOTrO OCLMANATOPA)

* HopmwupoBaHHas 1 MacwTabrvpoBaHHasa 6asncHas GyHKUMA a8 npeobpa3oBaHus

SpmuTa:

Hy(z) =

¢n(z)
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CBowicTBa 6a3mcHOn pyHKLMM Npeobpa3oBaHns DpMuTa

amﬂn(m) = \/T nt1(Z \/7Hn 1
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o H,() \/(n+1)(n+2)ﬁ 2(2) — (n+ 1) Hy()
/ (@), (2)w(@)dz = b,
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w(z) = exp(a’z?)

CBoiicTBa NnpeobpasoBaHmnA dpmMuTa



MeTtop lanépkunHa

go =0
g, = a/2nvg, 1

gn = a\/%vgN—l

® Ho paboTaeT TONbKO eCN ¥ MOXHO CYUTaTb MOCTOSHHOM B MpocTpaHcTee. MNpu

Ha M4y MarHMTHOro noad 3710, KakK NMpaBujio, HE TaK

MceBpocnekTpanbHbIN METOL,
Toukwn BbIBMpaemM B COOTBETCTBUM C KBaZpaTypHor dopmynoin Maycca — Spmura:

{&}, k=0...N, Hy1(&) =0

10 yAO6HO, NOCKOJIbKY ciiegytouiee paBeHCTBO BbIMNMOJIHAETCA TOUHO A4/14 BCeX
MHorouneHos cterneHbio 2N — 1 1 meHbLue (VI ABJIAETCA XOPOLWNM np|/|6n|/|>|<eH|/|eM B

OCTaNbHbIX Cay4y aFIX)Z
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rAe wy — BeCoBble KOIGDULIMEHTBI, ONpesesiemMble Mo CleaytoLen popmyne:
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® SpPMWUTOBO Pa3/IoXKEHMe XOPOLLO paboTaeT Ans KMHETUKN, 6AN3KON K paBHOBECHOWN

* Bo3MOXHO NpoBeaeHne nepemMacluTabrpoBaHms

® [lceBAOCMEKTPaNbHbIA METOZA fOMycKaeT 0606LEeHNs Ha HENVHEWHBIN Cly4Yai



* CnekTpaibHble METOAbI TPEOYIOT CneuunanbHOro NoAxoAa Npv napanienbHoM

BbIMOJIHEHNWN

° CﬂeKTpaﬂbele MeTO bl MOTYT COXPaHATb YNCNO YacTnly U MNynbC, HO ObbIUHO He

COXPaHAKOT SHEPTNHO N HE obecneumnBatoT BbINOJHEHNE npuHuMna Mmakcmmyma
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MOo>HO Tak>xe BBOAUTb q)l/lﬂpraLI,I/Il'O BbICOKUX HYaCTOT, HO 4Yalue NCnoab3yroT bonee

CJIOKHbIe (HeﬂBHbIe) CXeMbl AnAa NHTErMpoBaHMA MO BPEMEHN

MeTOA KOHEeYHbIX 3/1eMEeHTOB



* [lns 061aCcTN MOAENNPOBaHNA BBOAUTCA NPOU3BOJIbHAA ceTka (06bIYHO
NCNOb3yeTCs TPUAHTYAALNA)

* MOXHO MOZENNPOBaTb TEUYEHMUSA B CIOXKHBIX TPaHMLLaX

* MOXHO yBeNN4YMBaTb pPas3peLleHne CeTKMN B HYXKHbIX 061acTax

®* MOXHO MeHATb pa3peLleHne ceTku (afanTpPoBaTh) B XOAE BbIYNCIEHNA

° CDopmaano 61130K K CMeKTpasbHbIM, HO NCMNOAL3YETCA Pa3/10>XKeHWe MO JIOKaJIbHbIM

GYHKUMAM, B NpOCTeLLeM cayyae KyCOUYHO-TMHENHBIM:

[ i [Tk—1, Tk]

Tp—LTh-1
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® KOHeuHbIMM 31eMEHTaMK Ha3bIBaOT KakK 3/IEMEHTbI CETKU, TaK U 6a3ncHble ¢)yHKLI,I/II/I

Cnabas ¢popma ypaBHEHUA

® 3anuwiem ypaBHEHVeE B AUBEPreHTHON Gpopme:

of , 9(vf)
E—i_ oz

=0

® 370 cuabHaa (McxoaHasa) dopma ypaBHeHMA. [JOMHOXNM Ha MPON3BOJIbHYHO

GyHKUMIO u(T), PaBHYIO HYJIHO Ha FPaHMLLE U MPOUHTErPUPYEM:

0f (z,t) O(v(z)f(z))
/Qu(a:)Tda:%—/ﬂu(w)wa—O

® 370 cnabas dopma ypaBHeHus. OHO COAEPXKUT BCE peLleHmns CUbHOW GOPMbI, a

TakK>Ke MHO>XeCTBO Hernagkmnx peLIJeHI/II‘/’I.

CeounctBa 6a3nCHbIX GYyHKL WA
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AnckpeTtnsauma

MpumeyvaHuna

®  QakTnyecku, ncnoabsyetca Metog anépkunHa

®* MO>XHO 1cnonb3oBaTth HasncHble GYHKLMW, HE PaBHble HYFO Ha rpaHuLLEe 31eMEeHTa,
(pa3pbiBHbIN MeTog [anépkrHa) — TpebyeTcs BblUMCAEHME MOTOKOB Ha rpaHuLLe

2J1IEMEHTOB

® ba3uncHble CI)yHKLI,I/II/I MOXHO MNMpeAcCTaBaATb KakK Henepecekarowmeca cynepnosnunm

HEeCKOJIbKMX MHOTOUYNEeHOB (Hanpumep, JlexaHapa)

® TOYHOCTb MOXHO yBENNUYMBATb KaK YMEHbLUEHNEM pPa3Mepa 3/IEMEHTA, TakK U

yBean4yeHmneM CteneHn MHorovaeHa

° MeTOA KOHeYHbIX 371eMEHTOB yp,o6eH ANA NOCTPOEHUA YHUBEPCaNbHbIX pemaTeneﬁ n

NO3TOMY LWWMPOKO paCﬂpOCTpaHéH B KOMMep4eCkKnx npoaykTax. I'Ip|/||\/|ep npoekTa C



oTKpbITbIM Kogom: FENICS (https://fenicsproject.org). HegoctaTok:

CHeLLMaﬂMBMpOBaHHbIIZ pewaTtesib MOXHO CMabHEE ONTUMUN3NPOBATb
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[Joma

* /[lokasaTb OCHOBHble CBOMNCTBA GYHKLNUA dpMuUTa
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