MeToa KOHEeUHbIX 06 bEMOB

® YHuBepCasbHbIA METOA ANS PeLleHNs YPaBHEHUN B ANBEPreHTHON dpopme (B popme

3aKOHa COXpaHeHwus)
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* [lotok:

AnckpeTtnsauunsa

® [lyctb 3apaHa ceTka:
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® Kaxzas Touka CETKM OKPY>KaeTCs KOHTPOJIbHbIMU (KOHeUHbIMU) 06bEéMamu
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®  OyHKUMA anNpPOKCUMUPYETCA CPEAHUMM MO ITUM OBBEMaM
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]% f(z,t")dz

basoBasa ngesa metroaa

of N 0%®(f,z,t)
ot ox
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* VIHTerpvpyem no Kaxzgomy KOHTPOJbHOMY O6BEMY:

T 1 T

(1 2
< / f(z, t)dz +
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L1
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" 0%(f,x,t)
/ oz

dr =0
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* | nonb3ayemcs Teopemoit Octporpagckoro — laycca:

d
(:Ei_‘_% _"L‘i—%) afi-i-q)ﬂ_%(t) _(I)i_l(t) =0
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Cxema lopyHOBa

® VIHTerpmpyem no BpemMeHu

° MCﬂOﬂbByeM peweHne (TO‘-IHOG nnn qmcneHHoe) Tak Ha3blBaeMoW 3agaun Pumana

3apayva PumaHa

* 3apauya PvumaHa — 3agaua 06 3BoaOLMK paspbiBa

flil-
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/ @ifé (t)dt = Atq’Riemann(fiTila fin, Ti—1,Tq, tn)
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¢ (CBolicTBa pelleHuns 3agaun Pumana:
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® B npocTelilem cayyae (KYCOYHO-KOHCTAHTHas anpokKcMMaLms):
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{ q)(firipxi—l,tn) = Ufi—l = 92 =v>0
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MpumeuaHua

[ocTtonHcTBa
® TOYHO BbIMOJIHAETCA 3aKOH COXpaHeHna Ymcna 4acrtui,

® BbinonHseTca npuHUMN MakCUMyMa

® BcAa «dunsnka» — B 3agaye PumaHa

Hepoctatku

* (Cxema nepBoro nopsazaka TOYHOCTH

* Cxema ype3mepHO gnddysHa (pe3kme rpaHuLbl Pa3MblBatOTCA CO BPEMEHEM)
* Tpebyet HanoxeHus ycnosus Kypanta: At < Az /v

YBennueHne TOUHOCTU CXEMb

®* BmecTto KyCOl-IHO—KOHCTaHTHOI‘/JI MO>XHO MNCMoab30BaThb annpoKCnMaLunto bonee

BbICOKOrO NopsAKa, HanprMep, KyCOYHO-MHENHYHO LIeHTPalbHO-B3BELLEHHYHO
cxemy

flil -

fli—11-




@Riemann(fi—la fz) ~ P <M> — ’UM

2 2

® [lpobnema: Bce cxembl fogyHOBa 6onee BbICOKOro NopszAka, YeM NnepsbIn, He

obecneunsatot COXpaHeHne MOHOTOHHOCTU

CoxpaHeHne MOHOTOHHOCTU

® (Cxema COXpaHsieT MOHOTOHHOCTb, eC/IV A K060V BO3pacTaroLLen (ybbiBaroLLein)
n n+1
{f'}y = {f, } rakxe Bo3pacraet (y6biBaeT).

* MoxHo noka3saTb [Harten, J. Comput. Phys., 49, 357 (1983)], uto cxema coxpaHseT
MOHOTOHHOCTb TOTAa W TONbKO TOrAa, Korga oHa obecneynBaeT ybbiBaHMe NOJHOW
Bapuauumm (Total variation diminishing, TVD)

* [lonHon Bapvauuel Ha3blBaeTCs BeJIMYMHA

TV = / ﬁ dx
ox
e iane AVNCKPETHOM Cay4dae
TV =Y |fi - fil

® (Cxema obecneurBaeT ybbiBaHVE MOAHOW BapuaLnn, ecim

TV(f") < TV(f")

® [ina obecneuveHuns TVD BBOAAT orpaHUUMUTENIN MOTOKA (MM HAK/OHA)

Ol'paHI/I‘—IVITeIIVI NMOTOKa

* Viges: UCnonb3oBaTb CXEMY BbICOKOro nopsaaka TaMm, rae GyHKUMS rnajkas, n cxemy
nepBoOro nopsgka tam, rae GyHKLUMSA TEPNUT CKaukm

Driemann (fi-1, f:) = ® (£ 1)

fiir +o(riq) fi_;ifl — g—? >0

1
2 fi—fi 0%
’ fi—o(ri)=——— < 7 <0




fiv1i — fi
¢(T‘i = 0) =0
blri=1) =1

OrpaHnuunTtenun notoka, obecneumnsatrowme TVD

* Y106bl OrpaHnuMTeNb NOTOKa obecneunBasn ybbiBaHMe NOJHOM BapuaLum, OH
AOJIXEH YAOBNETBOPATb C/IeAYIOLLUM YCAOBUAM:

r<¢(r)<2r <= 0<r<1

1<¢p(r)<r < 1<r<2

1<¢(r)<2 <= r>2

* CUMMMETPUYHBIN OrpaHNYnTENb:

Mprmepsl
® BaH Jleepa [Van Leer, J. Comput. Phys., 14 (4), 361 (1974)]

o+ |7|
o) =1

® MOHOTOHM3MpPOBaHHas LieHTpasbHO-B3BeLeHHas cxemMa [Van Leer, J. Comput. Phys,,
23 (3), 263 (1977)]
) 147
¢(r) = max <0, min <2r, — 2))

e minmod [Roe, Annu. Rev. Fluid Mech., 18, 337 (1986)]

¢(r) = max(0, min(1,r))

Apyrve orpaHnuMTeny NoToka

® Cwm. https://en.wikipedia.org/wiki/Flux_limiter


https://en.wikipedia.org/wiki/Flux_limiter
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° OFpaHI/I‘-II/ITeJ'II/I NOTOKa AOMNMOJIHUTENBHO MOTYT obecrneurBath BbINOJHEHNE npuyuna

MaKcMMyMa
®* MoXHO 0606LWKMTb Ha annpoKcUMaLMm 6osiee BbICOKOrO nopsaaka

° YHMBepcaanoro orpaHmnyuntena He cywiecteyet

Mpumepsbl
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[MonynarpaH>xeBbi MeTOA
® Semi-Lagrangian (SL)
* CrneumnduryeH ans runepboanyecknx ypaBHeHU NepBoro nopsaka

° 3aAeI7ICTByeT MEeTO/ XapakKTepuncTtmnk (ApyrI/IMI/I CNhoBaMWu, narpaH>eso

npeacTaBaeHme)
% +A(x,t)-Vxf=0
% ~ A(X,1)
X(t=s) = x
X =X(t;,s)
3 pxw.0 =2+ X o= 9 Ay vxs=o



Knaccnueckasa peanmsauums

® Cheng, Knorr, J. Comput. Phys. 22, 330 (1976)

of of
— t)— =0
ot vl )65(}
* Beoaunm cetky
{zi}i1 v

* Haxoaunm, B kako Touke X; cTapToBana XapakTepucTuka, nepecekaroLias TOUKy &;

B MOMeHT Bpemehn ¢t

dX

TS '
dt U( Y )

Xi = Xl(tn, Ly tn+1)

* licnonb3yem nto6yto ya06HYHO MHTEPNOAALMIO, YTOObI ONpPeAenuTb 3HaUeHne

q)yHKLLI/II/I B TOUKe Xz B MOMEHT BPEMEHN tn, N NONb3yeMCA PaBEHCTBOM

fin+1 — f(xi,tn+1) — f(Xi(tn; wi,thrl),t”) = f(Xz,t")

NHTepnonaumsa

® JlnHelHaa NHTepnoaaLus — Ype3mMepHO AnddysHa
® Knaccmueckuii 1 caMblii pacnpOCTpaHEHHbIN BapunaHT: Kybuueckue B-cnnaitHbl

* Kybuueckuin B-cnnaiH — 370 KyCOYHO-3asaHHas GyHKLMA, COCTaBNeHHas 13
MO/JIMHOMOB TPETbEN CTEMEHW, BCHOAY HEMpepbIBHas BMeCTe C NEPBON 1 BTOPOM

npon3BOAHbIMU

~6(E) 43(E) = 0<lal<aa

Az < |z| < 2Az

<~
— |z| > 2Az



* KoadpduumeHTbl a; HaXoAATCA U3 YCIOBUA

N

f(z5) = fos(z;) = D ai8®(x; — 2:)

i=0
® 3TO cucTema JIMHenHbIx anrebpanudeckux ypasHeHui (N+1)-ro nopszaka

MpumeuaHus

[ocTtonHcTBa

® Jlerko ob6obuiaeTca Ha MHOromepHbIv cnydai [Sonnendricker et al., J. Comp. Phys.
149, 201 (1999)]

* [lns BTOPOro nopsagka TOYHOCTM MO BpeMeHU TpebyeTcs Uan NpeanKTop-KOppPeKkTop,

v pn—1
WV COXPaHeHME 3HaUYEHW fz (Tam >e)

* Ycnosve KypaHTa 3ameHsieTcs Ha 06bluHO 6onee cnaboe |(Ov/0x)At| < 1 (ecm v

He 3aBUCUT SIBHO OT T — LUar No BPeMeHU MOXET ObITb MPON3BOJbHbLIM (1))

b MeTO,D, COXpPaHAeT Yncno Yyactmy n uMnynbc
Hepoctatkun

® He rapaHTupyeT coxpaHeHue NpuHLUMNa MakcMmMyMa (3aBMCUT OT MHTEPNOAALMN)

® [locTpoeHue cniaiHa BblYNCAUTENBbHO 3aTPaTHO (HesloKanbHas ornepawms)

KoHcepBaTUBHbIN nonynarpaH>XeBbi METOZ,

® Positivity Flux Conservative (PFC) [Filbet et al., J. Comp. Phys. 172, 166 (2001)]

° O6'beAI/IHF|eT MeTO/J, KOHEeYHbIX 06bEMOB U noaynarpaH>xes MeToA:

tn+l 1;%
/ f(z,t")dz
1

/ S 1dt =
2
Xl

€T
"

]

* 3pecb X, 1 — pesy/bTaT peleHns ypaBHeHVA A8 XapaKTepyuCTyKu
2



° |_|pl/l BBeAEHUN orpaHmuMTenel}i noToka cxeMa obecrneunBaeT BblNOJHEHNE

npuHUuMna MmakcmmymMa u y6bIBaHI/Ie NOJIHOM Bapuvaunn gaxe npn ncnojib30BaHNU

JIOKaNbHOW U
Mpumepsl
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MeTopa KOHeUHbIX 06bEMOB

® R.J.LeVeque. Finite Volume Methods for Hyperbolic Problems. Cambridge University
Press. (2004)

MonynarpaH>XeBbi METOA,

® Eric Sonnendrlcker. Numerical methods for the Vlasov equations. Lecture notes.
2013.

e G. Dimarco, L. Pareschi. Numerical methods for kinetic equations. Acta Numerica,
Cambridge University Press (CUP), 2014, pp. 369-520.

Kybuueckne B-cnnanHbl

® W. H. Press, S. A. Teukolsky, W. T. Vetterling and B. P. Flannery. Numerical Recipes:
The Art of Scientific Computing. 2007
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